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Intricate topographical patterns can form on the surface of crystalline Ge(001) subject to low-energy ion
irradiation in the reverse epitaxy regime, i.e., at elevated temperatures which enable dynamic recrystallization.
We compare such nanoscale patterns produced by irradiation from varied polar and azimuthal ion incidence
angles with corresponding calculated surface topographies. To this end, we propose a continuum equation
including both anisotropic erosive and anisotropic diffusive effects. Molecular dynamics simulations provide
the coefficients of angle-dependent sputter erosion for the calculations. By merely changing these coefficients
accordingly, the experimentally observed surface morphologies can be reproduced, except for extreme ion
incidence angles. Angle-dependent sputter erosion is thereby identified as a dominant mechanism in ion-induced
pattern formation on crystalline surfaces under irradiation from off-normal incidence angles.
DOI: 10.1103/PhysRevB.102.165422
I. INTRODUCTION
A solid surface subject to broad-beam low-energy ion
irradiation is a complex nonequilibrium system, in which
a number of different processes act simultaneously on the
nanometer scale. These processes can be categorized as ero-
sive, ballistic, or diffusive. While erosive processes remove
material from the surface, ballistic and diffusive processes
determine how atoms and vacancies are redistributed on the
surface. An erosive, ballistic, or diffusive process can result
in smoothing or in destabilization of the surface, depending
on the given experimental conditions with respect to surface
structure and temperature, ion mass and energy, or the inci-
dence direction of the ion beam. Consider for instance these
processes:
a. Erosive. The surface is eroded by sputtering, where
shadowing effects and a locally varying incidence angle on
nonplanar surfaces can cause heterogeneous erosion. On the
one hand, for sufficient sputtering yield at low to intermediate
ion incidence angles, the erosion rate depends on the local
surface gradient such that tilted areas are eroded faster than
planar areas—which results in overall smoothing of the sur-
face (see, e.g., [1] and references therein). On the other hand,
the erosion rate is dependent on the local surface curvature in
such a way that concave areas are eroded faster than convex
areas. Effectively, height variations are thereby amplified and
the surface is destabilized [2].
b. Ballistic. The ion impacts relocate adatoms on the sur-
face via momentum transfer. If the ion incidence direction is
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close to the average surface normal, the momentum trans-
fer from impinging ions will dominantly relocate surface
atoms in a downhill direction—the surface will be smoothed.
For oblique ion incidence at angles exceeding a critical
value, however, surface atoms can be relocated in the uphill
direction—height differences will be amplified [3].
c. Diffusive. Ion impacts result in the production of both
adatoms and vacancies as mobile species, which then diffuse
on the surface. The ion beam direction and the structural
properties of the surface on the atomic scale can induce
anisotropies in lateral mass transport. On an amorphous sur-
face, thermal diffusion is isotropic and will tend to smooth the
surface in order to reduce surface free energy [4]. This can
be further enhanced by an increased areal density of mobile
surface vacancies and adatoms produced by ion irradiation.
In contrast, on a crystalline surface, the diffusing surface
vacancies and adatoms can encounter the Ehrlich-Schwoebel
barrier [5] when trying to cross step edges, which results in an
effective uphill mass current and thus in destabilization of the
surface.
The simultaneous presence of counteracting smoothing
and destabilizing mechanisms can result in the formation of
periodic nanoscale patterns on the surface [2,6–9]. For ion
energies in the range of 102 to 103 eV, this type of sponta-
neous surface nanopatterning has been observed on a wide
variety of elemental and compound materials, including met-
als, semiconductors, and insulators. The pattern morphology
depends on which surface processes are dominant under the
given experimental conditions; various surface morphologies
including parallel ripples with sinusoidal or sawtooth profile
[10–14]; nanocone [15–17] or nanohole [18–20] patterns; and
pyramidal structures with three-, four-, or sixfold symmetry
[14,21,22] have been reported.
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FIG. 1. Schematic drawing of a single pyramidal mound struc-
ture, showing the polar facet angle ϑ′Ge and the azimuthal facet angle
ϕGe. A direction of ion incidence is indicated by the broad white
arrow, with the polar angle of incidence, ϑion, and the azimuthal angle
of incidence, ϕion.
With possible applications of this self-assembled surface
pattern formation in bottom-up nanofabrication already being
explored [23–26], there are still fundamental aspects to be
clarified: For instance, the influence of the polar and azimuthal
ion beam direction on the patterning morphology has been
widely studied for amorphous or amorphized surfaces with
isotropic diffusion, but a corresponding investigation is still
lacking for crystalline surfaces with anisotropic diffusion in
the reverse epitaxy regime [21]—and so is a theoretical de-
scription. In a continuation of other recent work [27], in this
paper we present results on the dependence of the ion-induced
nanoscale patterns on Ge(001) on both the polar and azimuthal
angles of ion incidence. We compare atomic force microscopy
(AFM) data of Ge(001) surfaces after ion irradiation with
simulated surface topographies. The latter were obtained us-
ing a continuum equation approach with coefficients obtained
from molecular dynamics (MD) simulations. By investigating
the patterning resulting from irradiation from two specific
azimuthal ion incidence angles, we are able to disentangle the
components of anisotropic lateral diffusion in the 〈100〉 and
〈110〉 directions on the crystalline surface.
II. EXPERIMENTAL PROCEDURES AND RESULTS
Epi-ready Ge(001) surfaces were cleaned with ethanol and
irradiated with 1 keV Ar+ ions from a Kaufman-type ion
source. The high-vacuum setup employed for irradiation had
a base pressure of 10−7 mbar and a working gas pressure of
2.5 × 10−4 mbar. During irradiation, the samples were held
at a temperature of 380 ◦C. All samples were irradiated with
an effective ion flux of 1 × 1015 cm−2 s−1 (with the ion
current adapted to the polar incidence angle) and a fluence of
1 × 1018 cm−2. After irradiation the samples were quenched
to room temperature by immediately removing them from the
heating stage. They were then transferred through air to a
separate ultrahigh-vacuum setup with a base pressure better
than 1 × 10−9 mbar. There, the surface topographies were
imaged via AFM performed with an Omicron VT SPM Lab
instrument in contact mode, using Nanosensors PointProbe
Plus cantilevers with a radius of 7 nm. Each AFM topography
micrograph had a scan range of 3 μm × 3 μm and 375 ×
375 data points. The data were processed by means of the
GWYDDION software package [28].
The angles are defined as follows (see also Fig. 1): ϑGe and
ϕGe denote the polar and azimuthal facet angles, respectively.
ϑGe = 0◦ corresponds to the orientation of the macroscopic
surface normal. The out-of-plane facet inclination is thus
defined as ϑ′Ge := 90◦ − ϑGe. ϑion and ϕion denote the polar
and azimuthal ion incidence angles, respectively. ϑion = 0◦
corresponds to the orientation of the macroscopic surface
normal. ϕion = 0◦ corresponds to the in-plane component of
the incident ion beam direction being in the 〈110〉 direction
and 315◦ corresponds to it being in the 〈100〉 direction.
Keeping the samples at elevated temperature during ion
irradiation enables dynamic recrystallization; the sample sur-
faces thereby remain crystalline throughout the irradiation
procedure. The resulting morphology is expected to exhibit
the pattern of alternating pyramid-shaped pits and mounds
which is characteristic for Ge(001) in the reverse epitaxy
regime of ion-induced pattern formation [21]. Irradiations
FIG. 2. AFM topography images of Ge(001) surfaces after ion irradiation from an azimuthal direction parallel to 〈110〉 (top) and 〈100〉
(bottom), respectively, as indicated by the arrows in (f) and (l). Samples were irradiated with 1 × 1018 cm−2 of 1 keV Ar+ ions. From left
to right, the polar ion incidence angle increases from ϑion = 0◦ to 80◦ as labeled. The sample temperature was 380 ◦C for all samples. All
lateral scale bars are 500 nm long and the height scale range is (a), (g), (k) 25 nm, (b), (c), (h–j) 30 nm, and (d–f), (l) 35 nm. The insets show
corresponding distributions of the out-of-plane inclination and in-plane angular orientation of the surfaces, with the white ring indicating an
out-of-plane inclination of ϑ′Ge = 10◦.
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FIG. 3. Results of numerical integration of Eq. (2) with parameters as listed in Table I: simulated surface topographies for Ge(001) after
ion irradiation from an azimuthal direction parallel to 〈110〉 (top) and 〈100〉 (bottom), respectively, at polar ion incidence angles ϑion as
indicated. The height scale range in arbitrary units is (a–c), (g–j) 2, (d), (f), (k), (l) 3, and (e) 4. The insets show corresponding distributions
of the out-of-plane inclination and in-plane angular orientation of the surfaces, with the white ring indicating an out-of-plane inclination of
ϑ′Ge = 10◦.
were performed at normal ion incidence and at polar incidence
angles of ϑion = 20◦, 40◦, 60◦, 70◦, and 80◦ for azimuthal ion
incidence along the 〈100〉 and 〈110〉 directions. The resulting
surface topographies were imaged by AFM and are depicted
in Fig. 2. Figure 3 shows corresponding simulated surface
topographies and is discussed in detail in Sec. III. The insets
show the corresponding two-dimensional angular histograms.
For normal incidence irradiation, the Ge(001) surface ex-
hibits a dense checkerboard pattern of pyramidal pits and
mounds and contains no horizontal surface areas. These
faceted structures have rectangular bases with edges in the
in-plane 〈100〉 and 〈010〉 orientations and tilted sidewalls with
an inclination of approximately ϑ′Ge = 8◦ with respect to the
macroscopic horizontal surface plane [14]. The length ratio
of the edges is close to 1 for most structures, while fewer
structures are elongated in 〈100〉 or 〈010〉 directions. For both
azimuthal ion beam directions, we observe a progressively
larger elongation of the structures along the directions of
the ion beam with increasing polar ion incidence angle. To
quantify how the surface morphology depends on azimuthal
and polar irradiation directions, we extract histograms of the
azimuthal facet angles ϕGe (i.e., the in-plane facet orientation)
from the AFM data. These are plotted in Figs. 4(a) and 4(e).
Figure 5 shows the corresponding analysis results for the
simulation data for comparison and is discussed in Sec. III.
For irradiation along 〈100〉, i.e., ϕion = 315◦, the relative
peak height, which is indicative of the relative surface area
of facets with the given orientations, is strongly dependent
on the ion incidence angle [Figs. 4(a) and 4(b)]: At normal
ion incidence, the peaks corresponding to the four facets of
the pyramidal structures are of the same relative height. With
increasing polar ion incidence angle ϑion, the relative peak
height increases approximately from 0.25 to 0.5 for facets
1 and 3, which at ϕGe = 45◦ and ϕGe = 225◦ are oriented
parallel to the incident ion beam, while it decreases almost
to zero for facets 2 and 4, which at ϕGe = 135◦ and ϕGe =
315◦ are oriented perpendicular to the incident ion beam. The
peak positions, however, do not change significantly, indi-
cating that the in-plane facet orientations ϕGe and thereby
the rectangular base shape of the pyramidal structures are
preserved for all polar ion incidence angles ϑion [Figs. 4(a)
and 4(c)]. Thus, for off-normal ion incidence angles ϑion the
pyramidal surface structures elongate along the azimuthal
ion incidence direction of 〈100〉. An interesting exception
from this general behavior is observed for ϑion = 40◦, where
the pyramidal structures are slightly elongated perpendicular
to the azimuthal ion incidence orientation, resulting in the
slight inversion of the trend in the dependence of the relative
peak height on ϑion seen in Fig. 4(b). The facet inclination
[Fig. 4(d)] tends to remain constant for facets 2 and 4 (oriented
perpendicular to the ion beam direction), and to decrease for
facets 1 and 3 (oriented parallel to the ion beam direction).
For irradiation along 〈110〉, i.e., ϕion = 0◦, both positions
and heights of the histogram peaks depend on the polar ion
incidence angle ϑion [Fig. 4(e)]. The facet areas change as in-
dicated by the relative peak heights [Fig. 4(f)]: At ϑion = 80◦,
the relative peak height is larger for facets 1 and 4, which at
ϕGe = 45◦ and ϕGe = 315◦ are facing the incident ion beam,
while it is smaller for facets 2 and 3, which at ϕGe = 135◦ and
ϕGe = 225◦ are averted from the ion beam in the azimuthal
direction. Simultaneously, the peak positions, indicating the
facet orientations ϕGe, are changing notably by about +20◦
for facets 1 and 3 and by about −20◦ for facets 2 and 4
[Fig. 4(g)]. Thus, for irradiation along 〈110〉 at large polar
ion incidence angles ϑion the pyramidal structures assume a
distinctly rhomboidal base shape for ϑion  60◦ and the facets
facing the ion beam are of larger relative area than those on the
opposite side. The out-of-plane inclination [Fig. 4(h)] tends to
decrease for all facets.
III. THEORETICAL DESCRIPTION
AND SIMULATION RESULTS
The development of local surface height h(x, y, t ) with time
can be described by a deterministic continuum equation taking
into account ballistic and diffusive mass currents as well as
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FIG. 4. Data extracted from the AFM measurements on the
azimuthal and polar facet angles of the pyramidal structures for
irradiations along (a)–(d) the 〈100〉 direction, i.e., ϕion = 315◦, and
(e)–(h) the 〈110〉 direction, i.e., ϕion = 0◦. (a), (e) Histograms of
the in-plane facet orientation ϕGe for increasing polar ion incidence
angle ϑion. The curves are offset vertically for clarity. (b), (f) Relative
heights of the peaks in (a) and (e), respectively, as functions of ϑion.
(c), (g) In-plane orientations ϕGe of the four facets of the pyramidal
structures as functions of ϑion. (d), (h) Out-of-plane inclinations ϑ′Ge
of the four facets of the pyramidal structures as functions of ϑion.
erosive effects [29]. The isotropic equation suitable for normal
ion incidence reads
∂t h = −v0 + ν∇2h + λ(∇h)2 − ∇ · jdiff. (1)
Here, v0 is the constant erosion rate of a planar surface.
ν∇2h denotes the curvature-dependent sputter rate and bal-
listic mass redistribution according to the Bradley-Harper and
Carter-Vishnyakov models [2,3]. The term λ(∇h)2 accounts
FIG. 5. Data extracted from the simulated surface topographies
on the azimuthal and polar facet angles of the pyramidal structures
for irradiations along (a)–(d) the 〈100〉 direction, i.e., ϕion = 315◦,
and (e)–(h) the 〈110〉 direction, i.e., ϕion = 0◦. (a), (e) Histograms of
the in-plane facet orientation ϕGe for increasing polar ion incidence
angle ϑion. The curves are offset vertically for clarity. (b), (f) Relative
heights of the peaks in (a) and (e), respectively, as functions of ϑion.
(c), (g) In-plane orientations ϕGe of the four facets of the pyramidal
structures as functions of ϑion. (d), (h) Out-of-plane inclinations ϑ′Ge
of the four facets of the pyramidal structures as functions of ϑion.
for the tilt-dependent sputter rate [30,31] and the mass current
jdiff describes diffusive mass transport. In order to take the
varied polar and azimuthal ion beam directions into account,
we employ the anisotropic continuum equation [32]
∂t h = −v0 + ν ′x∂xxh + ν ′y∂yyh + ν ′xy∂xyh
+ λ′x(∂xh)2 + λ′y(∂yh)2 + λ′xy(∂xh · ∂yh)
−∇ · jdiff (2)
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where νx,y and λx,y are the coefficients for the case ϕion =0,
and 〈110〉 is defined as the x direction. The mass current
jdiff is comprised of three terms describing thermally driven
diffusion [21]:
jdiff = jcKPZ + jiso + jES
= σ∇(∇h)2 + κ∇(∇2h) +
[
1 ∂xh − 3 (∂xh)3
2 ∂yh − 4 (∂yh)3
]
. (4)
The mass-conserving Kardar-Parisi-Zhang term jcKPZ de-
scribes a nonlinear isotropic mass current which can break the
up-down symmetry of the surface pattern [34]. jiso is taken to
be an isotropic, thermally activated diffusion current, which
leads to smoothing of the surface. jES accounts for anisotropic
diffusion due to the Ehrlich-Schwoebel (ES) and kink barriers,
i.e., biased diffusion across terrace steps and around kinks on
a crystalline surface [5,35–37]. This term results in net uphill
mass currents and the formation of surface facets with angular
orientations for which this mass current becomes zero [21,38].
The coefficients λx and λy for angle-dependent sputter ero-
sion can be expressed analytically [39] as
λx ∝ −F ′′(ϑion) − F (ϑion),
λy ∝ − F
′(ϑion)
tan (ϑion)
− F (ϑion), (5)
with
F (ϑion) = cos (ϑion)Y (ϑion), (6)
where Y (ϑion) is the angle-dependent sputtering yield. Y (ϑion)
was obtained following the general principles outlined in [40]
and using the open-source PARCAS MD code [41,42]. For this
study, the 1 keV Ar atoms were shot at Ge(001) surfaces on
random positions near the center, at various polar incidence
angles and with azimuthal directions according to the experi-
mental ones. The Ge surface was modeled with the modified
Stillinger-Weber-like potential for Ge introduced in [41] in
simulation cells that contained 20×20×12 unit cells of atoms.
As usual in collision cascade calculations, an adaptive time
step was used [43] and temperature was controlled only at the
borders of the simulation cell. Electronic stopping was applied
on the ion and atoms inside the simulation cell with kinetic
energy exceeding 5 eV. For each incoming angle, 300 ions
were simulated to obtain a sputtering yield with reasonably
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FIG. 6. Dependence of λx,y on the ion incidence angle ϑion as
derived from fitting the angle-dependent sputter yield by Eq. (7)
(lines) and values of λx,y used for simulating the surface topographies
shown in Fig. 3 (symbols).
small statistical uncertainty. Y (ϑion) was fitted by the empiri-








with f1 = 1.0019 and f2 = 2.741 for ϕion = 0◦, f1 = 1.0047
and f2 = 2.708 for ϕion = 315◦. The coefficients λx and λy
are thus almost the same for the two different azimuthal beam
angles. Figure 6 shows these coefficients as functions of the
polar ion incidence angle ϑion, obtained from the fit to the
MD simulations via Eq. (5). The values of λx and λy do not
deviate much from zero and λx ≈ λy for smaller angles. Con-
sequently, for these angles also the pattern morphology does
not deviate much from the morphology obtained at normal
incidence. However, for higher angles, λx is large enough in
comparison to λy to cause a substantial change of the surface
morphology (see Fig. 3).
Equation (1) is a variant of the continuum equation first
proposed by Cuerno and Barabási [29]. Being valid for
oblique incidence, the equation by Cuerno and Barabási fea-
tured anisotropic terms for angle-dependent sputter erosion
as well as curvature-dependent sputtering and ballistic mass
redistribution. However, it did not account for the anisotropic
diffusion induced by a crystalline surface. Ou et al. [21] then
employed a variant of this equation limited to the case of
normal ion incidence, where they introduced the anisotropic
diffusive term accounting for the effect of the ES barrier to
first describe patterning of Ge(001) in the reverse epitaxy
regime. In order to include the additional effects of non-
normal ion incidence, we use the anisotropic form of this
equation as given in Eq. (2), where the coefficients λx(ϑion)
and λy(ϑion) describe angle-dependent anisotropic erosion.
By means of numerical integration of Eq. (2) [9,32,45], we
simulated the surface topographies of crystalline Ge(001) re-
sulting from ion irradiation at two azimuthal directions and
165422-5
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TABLE I. Parameters for simulating the surface patterns in Fig. 3
via numerical integration of Eq. (2). In all simulations νx,y =0, σ =0,








different polar incidence angles. The simulation started from a
surface with uncorrelated low-amplitude roughness and lasted
for 25 000 time units. We chose νx,y = 0, σ = 0, κ = 1, 1 =
2 = 1, 3 = 4 = 80, and λx(ϑion), λy(ϑion) as listed in
Table I, according to the dependency shown in Fig. 6. Trans-
formation to a moving reference frame allows us to eliminate
the term v0 describing a homogeneous erosion of the entire
surface at constant rate; it is therefore not considered further.
Setting νx,y = 0 neglects any curvature-dependent sputtering
and ballistic mass redistribution. We consider this justified
for the case of Ge irradiated with 1 keV Ar+ ions, because
the characteristic ripple patterns resulting from curvature-
dependent sputtering and ballistic mass redistribution are not
observed: in this system, instead the surface remains smooth
when irradiated at room temperature (see, e.g., [46] as well
as [32]). Choosing σ = 0 in the cKPZ term corresponds to
disregarding diffusive effects as a source for possible up-down
asymmetry. A previous publication [21] included this term
in the continuum equation and showed how diffusion leads
to up-down symmetry breaking when increasing the surface
temperature, while erosive effects were of lesser interest then.
Here, we focus on erosive effects for angle-dependent erosion.
The polar facet angle observed experimentally is reproduced
by setting 1 = 2 = 1 and 3 = 4 = 80.
The simulated topographies for a series of polar ion inci-
dence angles are shown in Fig. 3, where the insets display
the corresponding two-dimensional angular histograms of the
surface height. We find good qualitative agreement with the
experimental results shown in Fig. 2 for the range of polar
incidence angles ϑion = 0◦–70◦. For ϑion = 80◦, however, the
topography appears inverted, and especially for ϕion = 315◦
the simulated structures are much more elongated than the
experimentally observed ones. Results from experiment and
simulation also agree well quantitatively: Data extracted from
the simulations are plotted in Fig. 5. The series of histograms
shows the same trend of changing relative peak height for
irradiation with ϕion = 315◦ and changing peak position for
irradiation with ϕion = 0◦. The change in relative peak height
is even quantitatively very well reproduced for ϕion = 315◦.
For ϕion = 0◦, however, the relative peak heights obtained
from the simulation remain constant, while they are dependent
on ϑion in experiment. Also the out-of-plane facet inclinations
of the simulated surfaces follow the same general trend as
seen in the experimental data for both irradiation directions in
Figs. 4(d) and 4(h). Figure 7 shows a comparison of the char-
acteristic length (defined as the position of the first maximum
FIG. 7. Dependence of the normalized characteristic length and
the root-mean-square roughness of the patterned surfaces on the
polar ion incidence angle ϑion. (a), (b) Irradiation along 〈100〉, i.e.,
ϕion = 315◦; (c), (d) irradiation along 〈110〉, i.e., ϕion = 0◦. Solid
(open) symbols show data obtained from experiments (simulations).
Lines are guides to the eye.
in the radial autocorrelation function) and the root-mean-
square roughness, both normalized to the respective values at
normal ion incidence, for the experimentally and numerically
obtained surfaces. The simulations generally reproduce the in-
crease of both quantities with the polar angle of ion incidence
with good agreement. However, for ϑion = 70◦ the simulated
values are significantly higher than the experimental ones, ex-
cept for the normalized characteristic length for ϕion = 315◦.
The agreement for ϑion = 80◦ then appears better; it should
be noted though that the surfaces shown in Figs. 2 and 3
display pronounced morphological differences for this polar
incidence angle.
IV. DISCUSSION
We find that the anisotropic continuum equation
∂t h = λ′x(∂xh)2 + λ′y(∂yh)2 + λ′xy(∂xh ∂yh) − ∇4h
− ∂x[∂xh −  (∂xh)3] − ∂y[∂yh −  (∂yh)3]
with values for λx,y obtained from MD simulations can de-
scribe the topographical patterns forming on a crystalline
Ge(001) surface under low-energy ion irradiation in the
reverse epitaxy regime well. With 3 = 4 :=  being con-
stant as expected for a purely diffusive term, the observed
morphological changes can be modeled by varying only λx,y
as predicted by MD simulations. The morphology of alter-
nating pyramidal pits and mounds is reproduced, as are their
specific deformations with increasing ϑion for both of the
azimuthal ion incidence directions. The dependence of the
pattern morphology on ϑion therefore appears to be predom-
inantly an effect of the angle-dependent sputter yield.
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Comparing Figs. 2(f) and 2(l) and Figs. 3(f) and 3(l), some
deviations from the experimental data are observed for ϑion =
80◦: First, the simulated surface at ϕion = 315◦ exhibits a far
more pronounced elongation of the pyramidal structures than
the experimentally observed morphology. Second, the exper-
imental data would have been modeled better by choosing
λx > 0 so as not to invert the topography. These deviations
occur at very oblique ion incidence angles, where the sputter
yield changes drastically with the ion incidence angle [32].
The coefficients λx,y are determined from the first and second
derivative of a Yamamura fit to the angle-dependent sputter
yield. Therefore, their values for oblique angles of incidence
are afflicted by significant uncertainty. Additional MD simula-
tions covering the range of incidence angles from 70◦ to 90◦ in
smaller increments would be required for reducing this uncer-
tainty. Third, as can be inferred from the angle distributions in
Figs. 2(k) and 2(l), the pyramids have an asymmetric profile
along the ion beam direction for high polar angles of inci-
dence. This is not reproduced in the simulations, though. The
formation of similarly asymmetrically terraced morphologies
on Ag single crystals was observed experimentally by Hauffe
[47]. Pearson and Bradley [39] proposed to include higher-
order nonlinear terms as corrections to the slope-dependent
sputter yield, resulting in the formation of such terraced sur-
faces. Thus, including these terms in the continuum equation
may resolve this difference between experiment and simula-
tion seen here.
Some publications have dealt with applying a continuum
equation approach to crystalline surfaces: Ou and co-workers
have studied patterning of crystalline semiconductor surfaces
by means of experiments and simulations based on a contin-
uum equation which first included the term jES for anisotropic
diffusion [14,21]. Their work was explicitly limited to the case
of normal incidence ion irradiation, and instead emphasized
the implications of sample temperature, ion fluence, as well as
lattice structure and orientation of the crystalline surface. The
interplay of these factors with effects of off-normal irradiation
may be worth further investigations. In very recent work,
Chowdhury and Ghose discussed patterning of crystalline
Ge(001) surfaces resulting from ion irradiation at off-normal
incidence angles and an azimuthal orientation of ϕion = 315◦
[48]. While they investigated the pattern evolution with flu-
ence and the effect of continuously rotating the sample, they
did not approach their results from a theoretical viewpoint.
Golubović and co-workers addressed pattern formation in
both growth and erosion of crystalline surfaces from the theo-
retical perspective employing a continuum equation approach.
By analytical and numerical means they studied coarsening
dynamics, pattern morphology on surfaces of different lattice
orientations, as well as motion of dislocations [49]. Regard-
ing growth and erosion to be equivalent, the authors did
not include the nonlinear term λx(∂xh)
2 + λy(∂yh)2 in their
investigation at all. Since they did not state which incidence
angle they were considering, it also remains unclear whether
they generally presumed normal incidence or assumed that the
angle of incidence has no influence on the resulting pattern.
Renedo and co-workers [50] generalized the two-field model
by Aste and Valbusa [51] to include anisotropic diffusion and
studied the resulting surface morphologies under normal ion
incidence. It should be of great interest to compare the results
presented here with those of the approach by Renedo et al. for
non-normal incidence, i.e., including anisotropic erosion.
V. CONCLUSIONS
We have prepared nanopatterned crystalline Ge(001) sur-
faces via low-energy ion irradiation in the reverse epitaxy
regime at off-normal ion incidence angles and compared their
topographies with corresponding simulated surface topogra-
phies. These were obtained from an anisotropic continuum
equation with coefficients derived from molecular dynamics
simulations. This anisotropic continuum equation including
both anisotropic erosive and anisotropic diffusive effects
proved highly suited for modeling the experimental results,
using coefficients for angle-dependent erosion obtained from
MD simulations. Only for near grazing ion incidence angles
of ϑion  70◦ did the simulated surface topographies deviate
significantly from the experimentally observed ones. These
deviations may be resolved by including higher-order nonlin-
ear terms proportional to (∂xh)3 and ∂xh(∂yh)2 as proposed
by Pearson and Bradley to represent the formation of asym-
metrically terraced morphologies. MD simulations could be
used to estimate the coefficients of the respective terms. The
main morphological changes resulting from irradiation at off-
normal incidence can be reproduced by changing only the
coefficients for angle-dependent sputter erosion, which shows
the importance of this mechanism for ion-induced nanopattern
formation on crystalline surfaces.
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